We introduce lotteries (randomized trading) into search-theoretic models of money. In a model with indivisible goods and fiat money, we show goods trade with probability 1 and money trades with probability {, where {<1 iff buyers have sufficient bargaining power. With divisible goods, a nonrandom quantity q trades with probability 1 and, again, money trades with probability { where {<1 iff buyers have sufficient bargaining power. Moreover, q never exceeds the efficient quantity (not true without lotteries). We consider several extensions designed to get commodities as well as money to trade with probability less than 1, and to illuminate the efficiency role of lotteries. Journal of Economic Literature Classification Numbers: E40, D83.
INTRODUCTION
In this paper we introduce lotteries that is, randomized trading into search-theoretic models of monetary exchange. There are several reasons for doing so. First, consider the most basic version of the model, with indivisible goods and money and a storage technology that allows agents to inventory at most one object at a time (Kiyotaki and Wright [9, 10] ). Although this model is simplistic, it does have virtues. In particular, since every trade is a one-for-one swap, one can relatively easily study certain aspects of the exchange process and illustrate certain interesting features of money without having to determine exchange rates or the distribution of inventories. To the extent that this model is useful, one would like to understand its properties. It is well known from the study of various economic environments with indivisibilities or other nonconvexities that agents can often do better using randomized rather than deterministic trading mechanisms, and so it is interesting to ask if there is a role for lotteries in this model, too.
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In this simple model with indivisible goods and money, bargaining over lotteries means bargaining over the joint probability distribution of (q, m), where q # [0, 1] is the amount of the good and m # [0, 1] the amount of money to be exchanged. We show that monetary equilibria exist iff buyers (agents with money) have bargaining power % above some threshold. If % is above the threshold but not too large, then when a buyer meets a seller with a good he desires he gives the seller money with probability 1 and receives the good with probability 1. If % is larger, however, the good still changes hands with probability 1, but now the buyer gives up the money with probability {<1. Hence, there is a role for lotteries. Moreover, lotteries allow us to discuss a notion of prices, even with indivisible goods and money, since { is the average amount of currency that trades for a good. Now consider the model with divisible consumption goods, where even if we continue to assume that money is indivisible and agents have a unit storage capacity, prices can be determined by letting agents bargain over the quantity of goods buyers get for a unit of currency (Shi [19] ; Trejos and Wright [21] ). Agents again bargain over the joint probability distribution of (q, m), but now q # [0, ). In this model, there is a unique monetary equilibrium for all parameters, and when a buyer meets a seller with a good he desires, he gives him money with probability { where again { is strictly less than 1 iff % is above some threshold, and gets q units of the good with probability 1 where q is deterministic and independent of whether the money changes hands. Hence, there is again a role for lotteries, even when goods are perfectly divisible.
Furthermore, we show that q may be less than but can never exceed the efficient quantity q* (defined below). One reason this is interesting is the following. It is natural to expect q will be less than q* in a monetary model, as argued in Trejos and Wright [21] , for example; but one can only rule out q>q* for some parameters in the model in that paper. Once lotteries are introduced, we can show* for all parameters. Moreover, this immediately implies that welfare is higher, and strictly higher for some parameters, when lotteries are allowed. This is not necessarily so in the indivisible goods model, where allowing lotteries can actually reduce welfare for some values of the bargaining power parameter; however, if we solve the social planner's problem of maximizing ex ante utility, as opposed to looking for equilibria for arbitrary bargaining parameters, we show that lotteries also increase welfare in the indivisible goods model.
One perhaps surprising feature of both models described above is the asymmetry between goods and money: goods always change hands with probability 1 while money may change hands with probability {<1. To investigate what is behind this result, we discuss some alternative models, including ones where agents barter consumption goods directly, where there is commodity rather than fiat money, and where the bargaining powers of agents varies across meetings. In each of these cases goods may trade with probability less than 1, and we discuss the reasons. Also on the subject of commodity money, we find that if a commodity money is sufficiently intrinsically valuable then equilibria are necessarily efficient. Moreover, the introduction of lotteries allows us to derive a new version of Gresham's Law, which says that a sufficiently valuable commodity money will be withdrawn from circulation in a probabilistic sense, but this will not harm the efficiency of exchange.
The rest of the paper is organized as follows. In Section 2 we present the basic assumptions underlying all of the models. In Section 3 we analyze the version with indivisible goods. In Section 4 we analyze the version with divisible goods. Section 5 considers the various extensions. Section 6 concludes. 4 
THE GENERAL MODEL
The economy is populated by a [0, 1] continuum of infinitely-lived agents who specialize in consumption and production. Assume consumption goods are non-storable so that they cannot serve as money. Let X i be the set of goods that agent i consumes. No agent i produces a good in X i . Moreover, for a pair of agents i and j selected at random, the probability that i produces a good in X j and j also produces a good in X i is 0 (there is never a double coincidences of wants), while the probability that i produces a good in X j but j does not produce a good in X i is x # (0, 1). For example, if there are N goods and N types, N>2, and each type i agent consumes only good i and produces only good i+1 (mod N), then x=1ÂN. Let Q denote the set of feasible quantities that agents can produce. We will consider two cases: the indivisible goods model, where Q=[0, 1], and the divisible goods model, where Q=R + .
Preferences are described as follows. Every agent i derives utility u(q) from q units of any good in X i . He also derives disutility c(q) from producing q units. We always assume u(0)=c(0)=0. For the divisible goods model, we assume that both u and c are C 2 , and that u$(q)>0, c$(q)>0, u"(q) 0 and c"(q) 0, with at least one of the weak inequalities holding strictly, for all q>0. We also assume u$(0)>c$(0)=0, and that there exists a qÄ >0 such that u(qÄ )=c(qÄ ). For the indivisible goods model, let u(1)=U and c(1)=C and assume U>C>0. The rate of time preference is r>0.
In addition to the consumption goods described above, there is also an object that cannot be produced or consumed called fiat money. We assume that money is indivisible and that individuals have a single unit storage capacity, so that if a fraction M # (0, 1) of the population are each initially endowed with one unit of money then there will always be M agents with and 1&M agents without money. We call agents with money buyers and agents without sellers. Agents meet randomly according to a Poisson process with arrival rate :. Thus, the probability per unit time that buyer i meets a seller j such that j produces a good in X i is :(1&M) x, and the probability that seller j meets a buyer i such that j produces a good in X i is :Mx. Without lost of generality, we normalize :x=1.
We want to consider exchanges that may be random. Define an event to be a pair (q, m), where q # Q denotes the quantity of the good and m # [0, 1] the amount of money that is traded. Let E#Q_[0, 1] denote the space of such events and E denote the Borel _-algebra. Define a lottery to be a probability measure * on the measurable space (E, E). One can always write *(q, m)=* m (m) * q | m (q), where * m is the marginal probability measure of m and * q | m is the conditional probability measure of q given m. Then to reduce notation let * m (m=1)={ and * m (m=0)=1&{. Thus, { # [0, 1] is the probability that the money changes hands. A lottery can be completely described by the probability { and the two probability measures * q | 0 and * q | 1 .
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Let V m denote the value function for an agent with m # [0, 1] units of money. The expected payoffs from a lottery for a buyer and a seller are given by
We focus on symmetric equilibria, where in any meeting between a buyer and a seller that produces a good the buyer wants, they agree to the same lottery. Then we can write Bellman's equations as follows:
For example, the first of these equations sets the flow value to being a buyer, rV 1 , equal to the rate at which he meets sellers who produce a good in X i , which is simply 1&M given the normalization :x=1, times the net gain from playing the lottery, which is 6 1 &V 1 .
We employ the generalized Nash bargaining solution. That is, we determine {, * q | 0 and * q | 1 by solving
74 where T 1 and T 0 are the threat points of the buyer and the seller, respectively, and % # [0, 1] is the bargaining power of the buyer. It is well known that this is equivalent to an explicit strategic bargaining model of the sort developed by Rubinstein [16] when the time between offers and counter offers vanishes, where % and T j depend on details of the strategic environment. In what follows we allow % to take on any value in [0, 1], and consider two cases for the threat points that have been used in the literature: T j =V j , which follows from the strategic model if one assumes individuals continue to meet other potential trading partners between bargaining rounds; and T j =0, which follows from the strategic model if one assumes they cannot meet other trading partners between rounds. 6 We also impose the incentive compatibility conditions
A steady state equilibrium for this economy is a list (V 1 , V 0 , {, * q | 0 , * q | 1 ) such that: the value functions satisfy the Bellman equations in (1) taking the lottery as given; and the lottery solves the maximization problem in (2) subject to the constraints in (3) taking the value functions as given. If * q | 0 (0)=* q | 1 (0)=1 or {=0 the equilibrium is called nonmonetary, and otherwise it is called monetary. It is clear that a nonmonetary equilibrium always exists. From now on we focus on monetary equilibria. In any monetary equilibrium, the second constraint in (3) can be rearranged to yield 
THE INDIVISIBLE GOODS MODEL
When q # [0, 1], a lottery is completely described by {, plus two numbers, * 1 #* q | 1 (q=1) and * 0 #* q | 0 (q=1), which give the probabilities that the good changes hands conditional on money changing hands and conditional on money not changing hands, respectively (of course, * 0 is irrelevant if {=1 and * 1 is irrelevant if {=0). Given any lottery one can solve (1) for the value functions, substitute into (3), and verify that the first constraint holds for all parameters, while the second holds iff
Notice that * 1 and * 0 do not appear in this expression. So that monetary equilibria have a chance to exist we assume
since otherwise (5) could not be satisfied for any { 1 (we ignore the nongeneric case where the condition holds with equality). We begin by briefly reviewing the standard model, where lotteries are ruled out. Let 0 denote the probability that money is accepted by a seller. Then
In this model, which is essentially the one in Kiyotaki and Wright [10] , there is nothing to bargain over, and an equilibrium is simply a list (V 1 , V 0 , 0) such that either: V 1 &V 0 &C 0 and 0=1; V 1 &V 0 &C 0 and 0=0; or 0<0<1 and V 1 &V 0 &C=0. Given (6), it is easy to see that there exists an equilibrium with 0=0, an equilibrium with 0=1, and an equilibrium with 0=rCÂ(1&M)(U&C) # (0, 1).
We claim that the equilibrium with 0 # (0, 1) is an artifact of ruling out lotteries. To see this, notice that in such an equilibrium the seller is indifferent between trading and not trading, V 1 &V 0 &C=0, while the buyer strictly prefers to trade, U+V 0 &V 1 >0. This means that trading with probability less than 1 is inconsistent with efficient bargaining. To see this, think about the strategic game of alternating offers that underlies the Nash solution, and suppose that buyer i makes seller j the following offer: i will give j the money with probability 1 and j will give i the good with probability * 1 . Clearly, there are values * 1 <1 such that both i and j strictly prefer to trade. Consequently, there are no equilibria with 0 # (0, 1) once we allow lotteries and bargaining, and we can set 0=1.
Given lotteries are allowed, the following proposition characterizes the set of equilibria when the threat points are equal to the continuation values. 
Proof. In this model (2) reduces to choosing ({, * 0 ,
, taking V 1 and V 0 as given. Necessary and sufficient conditions for a solution are
where the ' j 's are nonnegative multipliers for the constraints that the choice variables cannot exceed 1. We are looking for monetary equilibria, which means that {>0, and the first condition in (7) holds with equality. First consider the case {<1, which implies ' { =0. If * 1 # [0, 1) then ' 1 =0 and %{U(6 0 &V 0 ) (1&%) {C(6 1 &V 1 ), and combining this with the first condition in (7) yields U C, which is a contradiction. A similar contradiction results if * 0 # [0, 1). Hence, {<1 implies * 1 =* 0 =1. Given this, we can solve (1) for the V j 's, substitute them into first condition in (7) at equality, and solve for {={ 1 , where { 1 is given above. Notice that { 1 # (0, 1) iff %>% 1 , where
One can easily check that the incentive condition (5) is satisfied at {={ 1 . We conclude that there exists an equilibrium with * 1 =* 0 =1 and {={ 1 # (0, 1) iff %>% 1 . Now consider the case where {=1. This means * 1 >0 in a monetary equilibrium, and * 0 is irrelevant so we simply set * 0 =* 1 (nothing actually depends on this but it facilitates the argument). Inserting the V j 's into the second equation in (7) at equality and rearranging, we arrive at: 
Hence, except for the nongeneric case %=% Ä 1 , the only solution to (8) with * 1 <1 is * 1 =0. Therefore, in any monetary equilibrium we have * 1 =1. But this means that (8) holds iff the left hand side is non-negative, which is true iff % % Ä 1 . So monetary equilibria are only possible if % % Ä 1 and * 1 =1. Given this, one can check that {=1 satisfies the first condition in (7) iff % % 1 . One can also check that (5) is satisfied at {=1. We conclude that there exists an equilibrium with * 1 =1 and {=1 iff % Ä 1 % % 1 . Summarizing, an equilibrium with { # (0, 1) exists iff %>% 1 and an equilibrium with {=1 exists iff % Ä 1 % % 1 , and in either case we have * 0 =* 1 =1. Finally, one can verify that 0 % Ä 1 <% 1 <1 using (6) . This completes the proof. K For completeness we also describe the model with T j =0. However, since the argument and results are qualitatively the same as in Proposition 1, we omit the proof. Several comments are in order concerning these results. First, since % <1, we have { # (0, 1) in a region of parameter space with positive measure. Hence, the implicit restriction made in the previous literature, that lotteries are not allowed, is indeed restrictive. Second, there is an asymmetry in the model: money may change hands randomly, but goods either change hands with probability 1 or not at all. This is depicted in Fig. 1 , which plots { and * as functions of %. As is clear, for %>% goods trade with probability 1 and money trades randomly, for intermediate % # [% Ä , % ] both objects trade with probability 1, and for %<% Ä monetary equilibria do not exist. We discuss this asymmetry further below.
Note that { measures the price level it is the average number of units of money that it takes to buy a good. One can show { is decreasing in %, increasing in r, increasing in C, and decreasing in U, for both the model with T j =V j and the model with T j =0. The effects of changes in M depend on which version of the model we use, however: one can show { 1 Â M>0, but, perhaps surprisingly, { 0 Â M>0 iff r and M are not too small. Also, as r Ä 0 we have { Ä 0 for all %>% (the { curve in Fig. 1 becomes vertical at %=% ); thus, if % is big and agents are very patient buyers get the good virtually for free, which sellers are willing to go along with since on the small but positive chance they get the money it will convey exactly the same benefit to them. 
there is an equilibrium where money is accepted and V 1 >V 0 >0 for all parameters satisfying (6) . Hence, allowing lotteries can actually reduce welfare. This should not be too surprising, however, as it simply says that agents may be better off if they can commit to *=1 rather than bargaining in each bilateral meeting. In any case, we will see below that there is a welfare-improving role for lotteries in a slight variant of this model, where we consider commodity money, and where rather than looking for equilibria for an arbitrary value of the bargaining weight % we look for incentive-feasible allocations that a social planner might choose. Also, we will soon see that lotteries can only enhance welfare in the divisible goods version of the model presented in the next section.
THE DIVISIBLE GOODS MODEL
When q # R + , a lottery is generally described by { and two conditional probability distributions, * q | 0 and * q | 1 . However, we claim the amount of goods that changes hand is degenerate and independent of whether money changes hands.
Proposition 3. There is a value for q, say q=q$ (that depends on parameter values), such that * q | 0 (q$)=* q | 1 (q$)=1.
Proof. The Nash bargaining problem is to choose { # [0, 1] and probability measures * q | 0 and * q | 1 to solve
subject to the incentive constraints in (3), taking V 0 and V 1 as given. Suppose that the solution implies * q | 0 and * q | 1 are nondegenerate, and let q 0 = q* q | 0 (dq) and q 1 = q* q | 1 (dq). Since u(q) is concave and c(q) convex, and at least one is strictly so, by Jensen's inequality the incentive constraints are still satisfied and the Nash product is higher when * q | 0 (q 0 )=* q | 1 (q 1 )=1, which is a contradiction. Hence, * q | 0 and * q | 1 are degenerate at q 0 and q 1 , respectively. Now suppose q 0 {q 1 , and let
Again by Jensen's inequality the incentive constraints are still satisfied and the Nash product is higher at Eq, another contradiction. So q must be degenerate at some value q$. K
The above result makes the analysis much simpler because we can now restrict attention to lotteries that are completely characterized by two numbers, { and q (in what follows we use q to denote the quantity rather than the random variable). Given any such lottery, one can, as in the previous section, solve (1) for the value functions, substitute in (3), and verify that the first constraint is never binding and the second is satisfied iff
In particular, if {=1, then (9) holds iff
It is easy to see that .(0)=0, .$(0)<0, ."(q) 0 for all q, and .(q)>0 for large q; hence, if {=1 the constraints are satisfied iff q is below some critical value q^. Also, let q* be the efficient quantity, defined by u$(q*)=c$(q*). It is easy to verify that q* is the quantity that maximizes welfare,
which can hold iff r is not too big.
The following proposition characterizes the set of equilibria for the model with threat points equal to continuation values. Proof. If %=0 then the bargaining solution is equivalent to take-it-orleave-it offers by the seller, which implies u(q)={(V 1 &V 0 ). Inserting this into (1), we find V 1 =0, and therefore V 0 <0 by (4) . But a seller can always achieve V 0 =0 by not trading. Hence, there cannot exist a monetary equilibrium when %=0. Now assume %>0. Then (2) reduces to choosing ({, q) # [0, 1]_R + to solve
where 6 1 =u(q)+{V 0 +(1&{) V 1 and 6 0 =&c(q)+{V 1 +(1&{) V 0 . Necessary and sufficient conditions for a solution are
where ' { is the nonnegative multiplier on the constraint { 1. We are looking for monetary equilibria, which implies that both conditions hold with equality. First consider the case where {<1, which implies that ' { =0. Then combining the two first order conditions yields u$(q)=c$(q), and so q=q*. Solving (1) for the V j 's and inserting the solutions, as well as q=q*, into the second condition in (12), we can solve for {={~1 where {~1 is defined in the statement of the proposition. Notice that {~1 # (0, 1) iff %>% 1 where
One can check that {~1 {^, where {^is defined in (11) , and therefore the incentive condition (9) holds at {={~1 and q=q*. Hence, we conclude that there exists an equilibrium with {={~1 and q=q* iff %>% 1 . Now consider the case where {=1, which implies ' { 0. By combining the two conditions in (12), we get u$(q) c$(q), and this implies* in any equilibrium with {=1, with strict inequality as long as ' { >0. Inserting the V j 's and {=1, we can rewrite the first order condition for q as
The left hand side of (13) is zero at q=0 and it is strictly increasing. As q Ä 0, the right hand side approaches (1&M)Â(r+M)>0, because c(q)Âu(q) Ä 0 by l'Hopital's rule, and it is strictly decreasing and equals 0 when q=q^, where recall that q^is the solution to (10) at equality. Hence, there exists an unique solution to (13) , call it /=/(%), in (0, q^). Moreover, it is easy to check that /$(%)>0 and that /(% 1 )=q*. Since we need /(%) q* for an equilibrium with {=1, an equilibrium of this type cannot exist if %>% 1 . If %<% 1 then /(%)<q*, and we now show that this also implies the first order condition for { is satisfied at {=1. To see this, rearrange the first order condition for { as
The right hand side of (14) is decreasing in % and approaches (r+M)Â(1+r)>0 as q Ä 0. Also, (14) is satisfied at equality when %=% 1 . Hence, (14) is satisfied iff % % 1 . We conclude that {=1 and q=/(%) satisfy the first order conditions iff % % 1 . Moreover, since /(%)<q^, it satisfies the incentive condition (10), and hence satisfies all of the conditions for an equilibrium. Finally, it is obvious that % 1 >0, and that % 1 <1 iff r<(1&M) [u(q*)& c(q*)]Âc(q*). This completes the proof. K
The model with T j =0 has the same qualitative properties, and so as in the previous section we state the results here without proof. .
The first thing we want to emphasize about the above two propositions is that although there is a monetary equilibrium for all %>0 and no monetary equilibrium for %=0, there is no real discontinuity because q Ä 0 as % Ä 0 in monetary equilibrium. Next, notice that as in the previous section the two objects are traded asymmetrically: randomization may be used for trading money but not for trading goods. Figure 2 shows { and q as functions of % (the figure shows % <1, which holds iff r is not too big). Notice that* for all % with strict inequality iff %<% , where q* is the efficient quantity: u$(q*)=c$(q*). It is argued in Trejos and Wright [21] that it is natural to have q below q* in a monetary economy, although in the model in that paper, without lotteries, the result does not actually hold Some results for this model are similar to those for the indivisible goods model. For example, the behavior of { with respect to the parameters is the same. There are also differences. For one thing, in the indivisible goods model we have % <1, and hence we definitely have {<1 for high %, while in the divisible goods model we can guarantee {<1 for high % iff r is not too big. Also, in the indivisible goods model monetary equilibria do not exist for low %, while in the divisible goods model a monetary equilibrium exists for all %>0. Finally, recall that lotteries could reduce welfare in the indivisible goods model. Lotteries can only improve welfare here: for % % , q and therefore welfare are the same with or without lotteries; for %>% , q=q* with lotteries and q>q* without lotteries, and therefore welfare is strictly higher with lotteries. 9 
DISCUSSION
We have seen that although agents may agree to a lottery where money changes hands with probability less than 1, they will never agree to 84 BERENTSEN, MOLICO, AND WRIGHT a lottery where goods change hands with probability less than 1. What lies behind this asymmetry? It is not due to the assumption that money is indivisible while goods are divisible, because the same asymmetry arises when goods and money are both indivisible. One conjecture is that asymmetry is due to the fiat nature of the money i.e., to the fact that it has no intrinsic worth and derives value only from its role as a medium of exchange. To investigate this, and some other things, we consider several variations on the basic theme.
One approach is to consider a model with direct barter instead of monetary exchange. For example, suppose some agents consume good 1 and produce good 2, while some consume good 2 and produce good 1. Goods are indivisible, production of good j costs C j >0, and consumption yields utility U j . Assume U i >C j , for all i, j. When two agents of the opposite type meet they bargain over lotteries. Let % be the bargaining power of type 1, and let { j be the probability that type j gives up his production good. 10 It is easy to prove the following (details available upon request): there are critical values % Ä and % , with 0<% Ä <% <1, such that: if
Hence, agents get their consumption goods with probability less than 1 iff they have sufficiently low bargaining power, in a model with direct barter, while it was not possible to get goods with probability less than 1 when agents were trading with fiat money. So it seems there is something to the notion that asymmetry is due to the nature of fiat money. To explore things further, consider a model with one indivisible good and money, as in Section 3, but assume now that the money is a commodity money, in the sense that it yields a direct utility flow #>0 to an agent holding it.
Let { and * be the probabilities that money and goods change hands (we do not need two conditional probabilities * 0 and * 1 because one can show, as above, that * 0 =* 1 ). The value functions satisfy
The bargaining solution is exactly as above. Then we have the following generalization of Proposition 1 (for brevity we only present results for the case T j =V j , but the other case is essentially the same). {={~# (0, 1) . If # # (0, #Ä ) then there are critical values % Ä and % , with 0<% Ä <% <1, such that the following is true: if %<% Ä there exists a unique monetary equilibrium and it entails {=1 and *=* # (0, 1), where
there exists a unique monetary equilibrium and it entails {=1 and *=1; and if %>% there exists a unique monetary equilibrium and it entails *=1 and {={~# (0, 1), where
Proof. See the Appendix.
We emphasize first that #>0 implies that a monetary equilibrium exists for all %, while with fiat money there was no monetary equilibrium for small % (there is no discontinuity, however, since * Ä 0 as # Ä 0). However, the key result is that when #>0 we can have * # (0, 1); i.e., goods can trade with probability less than 1 against commodity money, even though they could not trade with probability less than 1 against fiat money. So it seems that it is not money per se that generates the asymmetry, but fiat money. Before pursuing this issue further, however, we want to highlight some substantive results that emerge from the commodity money model. First, note that for large # we must have { # (0, 1), and indeed, as # Ä we have { Ä 0. This is a version of Gresham's Law: very valuable money will be hoarded, in the sense that the probability it changes hands will be small. However, even though the money is hoarded, the good still changes hands with probability 1. Moreover, one can show that in the divisible goods version of the model with commodity money, with lotteries, for big # we have q=q* with probability 1. Hence, a sufficiently valuable money may probabilistically stop circulating, but the outcome is nevertheless efficient. By contrast, without lotteries, a sufficiently valuable money also will be hoarded, but in this case trade will shut down, and welfare will be reduced.
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Returning to the issue of asymmetry, we have seen that goods can trade with probability less than 1 against a money that has some exogenously specified commodity value #. In fact, we will now show that goods can trade with probability less than 1 against a fiat money if there is some value to the fiat money that arises endogenously due to, in this case, heterogeneity in bargaining. In particular, consider a generalization of the model with indivisible goods and fiat money where we now assume that with probability | the buyer gets to make a take-it-or-leave-it offer to the seller, while with probability 1&| they bargain according to the Nash solution, with bargaining power % and threat points T j =V j , as above. The chance of meeting a seller and making a take-it-or-leave-it offer generates an endogenous return to holding fiat money that will play a role analogous to the role of # in the commodity money model.
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Let ({, *) be the lottery that results from the Nash solution and ({^, * ) that which results from the take-it-or-leave-it offer (again we do not need conditional probabilities * 0 and * 1 , or * 0 and * 1 , since it turns out that * 0 =* 1 =* and * 0 =* 1 =* ). The value functions satisfy
In the equation for V 0 we have used the fact that the seller gets no surplus when the buyer makes a take-it-or-leave-it offer: {^(V 1 &V 0 )&* C=0. Moreover, this condition also implies that either {^=1 and * = Proposition 7. Assume T j =V j , and | | . Then for all parameters there exists an equilibrium with {^<1, * =1, and { and * described as follows. There are critical values % and % constructed in the proof, with 0<% <% <1, such that: if %<% then {=1 and *<1; if % <%<% then {=1 and *=1; and if %>% then {<1 and *=1.
The key part of this result is that we can have *<1 in this model, just like in the commodity money model. One way to understand what is going on is to think about the model in the following way. Agents believe that there is some economy-wide probability * with which they can get goods for a unit of money. Then, when a particular buyer-seller pair meet, they bargain over the probability * $ that they will use to trade, taking * as given. This generates a version of a best response function, of which an equilibrium is a fixed point. For the commodity money model, the best response function can easily be shown to be * $ =min[4(*), 1], where 4(*) is linear:
If #=0 (fiat money), the intercept of 4(*) is zero. When % is small, the slope of 4 is less than 1, and given any economy-wide * our particular buyer-seller pair will bargain to * $ <*, so the only fixed point is *=0. When % is big, the slope of 4(*) is greater than 1, and given *>0 our pair will bargain to * $ >*, so *=1 is fixed point, as well as *=0. With #>0, however, the intercept of 4(*) is strictly positive, and so there is a unique fixed point, it is always positive, and it less than 1 iff % is small. Intuitively, the idea is that even if other agents are giving goods with probability *=0 in exchange for money, as long as #>0 you would be willing to trade your good with some positive probability to get a unit of money. This is why the model with #>0 always has *>0, and can have *<1. The idea is essentially the same when |>0. Any value to money outside of the Nash bargain that determines * could play the same role.
To close this section we address one final concern: does the nontrivial role for lotteries arise when we solve a social planner's problem, or only when we impose an arbitrary bargaining solution, in the sense of an arbitrary value of %? Consider a world with an exogenous supply of M units of commodity money with return #>0. Goods as well as money are indivisible and there is a unit storage capacity. The social planner gets to choose a lottery ({, *). Welfare is given by
which is increasing in *, and independent of { (since it does not matter in the aggregate who holds the asset and therefore it cannot matter if money changes hands).
The planner is faced with the following incentive constraints: Notice that if #=0, then the second constraint is not binding and the first holds iff r {(1&M)(U&C)ÂC, which does not depend on *. Thus, with #=0 there is no role for lotteries, since: (i) * does not affect the incentive conditions and {<1 only makes them less likely to hold; and (ii) the objective function W is unaffected by { and increasing in *. This means that either *=1 is feasible, in which case we can always set {=1, or *=1 is not feasible, in which case we cannot do better than autarchy. So if there is a role for lotteries here it must be that #>0. Figure 3 shows the set of points in lottery space satisfying the incentive conditions for various parameter configurations. 13 The cases are similar except for the location of (1, 1) relative to this set. In case 1a, for instance, (1, 1) is not feasible; it is feasible to choose *=1 only if {<1. This case corresponds to a large value of #, which means money holders will not give up money with probability 1 to get the good, but they would give it up with some probability {<1. In case 1b, *=1 is feasible for { in some range that includes 1, which means we do not need lotteries. In case 1c, we cannot have *=1; the best * we can achieve is attained by setting {=1, but this entails *<1. In this case, # is small, so again we need lotteries but now it is the good that trades with probability less than 1. The bottom line is that if #>0 there can be a nontrivial role for lotteries in the planner's problem, either because we need to set {<1 to achieve *=1, or because the best * we can achieve is less than 1. 
CONCLUSION
This paper has introduced lotteries into search-theoretic models of monetary exchange. It has been shown that, in general, private agents (or a planner) may want to use randomized trading in this environment. In the model with indivisible goods, we discussed how lotteries give us a way to analyze prices, and also how lotteries eliminate mixed strategy equilibria. When goods are divisible, we found that the quantity produced is never more than the efficient quantity something that is not generally true without lotteries. Also, we found that as a commodity money gets more and more valuable, it drops out of circulation probabilisitically but the outcome is still efficient again something that is not true without lotteries. A general conclusion is that future work should take into account the fact that lotteries can have a nontrivial role to play in monetary economics. APPENDIX explicitly in the proof of Proposition 7). There are several cases. First, we cannot have {=*=0 in a monetary equilibrium, and we cannot have *, {<1 because this generates the same contradiction as Proposition 1. Now suppose *<1 and {=1; then the first order conditions, which are again given by (16) Proof of Proposition 7. We are looking for equilibria with {^=CÂ (V 1 &V 0 ), * =1, and ({, *) satisfying the first order conditions, which are again given by (16) . Again we emulate the proof of Proposition 1 and consider each combination of ({, *) in turn. As above, we cannot have *, {<1. Now consider *<1 and {=1. The second equation in (16) and show that {^<1 under the assumption |>| . Hence, equilibrium exists with {^<1, *<1 and {=1 for all % # [0, % ). Consider *=1 and {=1. Then {^= C(r+1&|) (1&M) U+MC&|C .
